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QUANTUM VERTEX REPRESENTATIONS VIA
FINITE GROUPS AND THE MCKAY
CORRESPONDENCE
IGOR B. FRENKEL, NAIHUAN JING, AND WEIQIANG WANG
Abstract. We establish a q-analog of our recent work on vertex
representations and the McKay correspondence. For each finite
group Γ we construct a Fock space and associated vertex operators
in terms of wreath products of Γ×C× and the symmetric groups.
An important special case is obtained when Γ is a finite subgroup
of SU2, where our construction yields a group theoretic realization
of the representations of the quantum affine and quantum toroidal
algebras of ADE type.
1. Introduction
In our previous paper [FJW] (see [W, FJW] for historical remarks
and motivations) we have shown that the basic representation of an
affine Lie algebra ĝ of ADE type can be constructed from a finite sub-
group Γ of SU2 related to the Dynkin diagram of ĝ via the McKay
correspondence. In particular, we have recovered a well-known con-
struction [FK, Se] of the basic representation of ĝ from the root lattice
Q of the corresponding finite dimensional Lie algebra g. In fact our
construction yields naturally the vertex representation of the toroidal
Lie algebra ̂̂g which contains the affine Lie algebra as a distinguished
subalgebra.
The main goal of the present paper is to q-deform our construction
in [FJW]. Again as in the undeformed case we will naturally obtain
the earlier construction [FJ] of the basic representation of the quantum
affine algebra Uq(ĝ) from the root lattice Q and its generalization to
the quantum toroidal algebra Uq(̂̂g) [GKV] (also cf. [Sa, J3]). The
q-deformation is achieved by replacing consistently the representation
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theory of Γ by that of Γ×C×. The representation ring for C× is iden-
tified with the ring of Laurent polynomials C[q, q−1] so that the formal
variable q corresponds to the natural one-dimensional representation of
C×. It turns out that rather complicated expressions for operators in
Drinfeld realization of the quantum affine algebra Uq(ĝ) and the quan-
tum toroidal algebra Uq(̂̂g) follow instantly from the simple extra factor
C×. The idea to use representations of C× to obtain a q-deformation
of the basic representation was mentioned in [Gr] and is widely used in
geometric constructions of representations (see e.g. [CG]).
As in the previous paper [FJW] we give the construction of quantum
vertex operators starting from an arbitrary finite group Γ and a self-
dual virtual character ξ of Γ×C×. Using the restriction and induction
functors in representation theory of wreath products of Γ × C× with
the symmetric group Sn for all n we construct two “halves” of quantum
vertex operators corresponding to any irreducible character γ of Γ×C×.
Then choosing an irreducible character of C×, i.e. an integer power of
q we assemble both halves into one quantum vertex operator.
The special case when Γ is a subgroup of SU2 is important for the
application to representation theory of Uq(ĝ) and for relations [W] to
the theory of Hilbert schemes of points on surfaces. To recover the
basic representation of Uq(ĝ) we choose
ξ = γ0 ⊗ (q + q
−1)− π ⊗ 1C×,
where γ0 and 1C× are the trivial characters of Γ and C
× respectively,
q and q−1 are the natural and its dual characters of C×, and π is the
natural character of Γ in SU2. The fact that the quantum toroidal
algebra intrinsically presents in our construction is an additional in-
dication of its importance in representation theory of quantum affine
algebras. Moreover when Γ is cyclic of order r+1, π ≃ γ⊕ γ−1, where
γ is the natural character of Γ, one can modify our virtual character ξ
with an extra parameter p = qk, k ∈ Z by letting
ξ = γ0 ⊗ (q + q
−1)− (γ ⊗ p+ γ−1 ⊗ p−1).
In the special case when p = q±1 the quantum vertex representation
of the quantum toroidal algebra Uq(̂̂g) can be factored to the basic
representation of the quantum affine algebra Uq(ĝ). This is a q-analog of
the factorization in the undeformed case, which exists for an arbitrary
simply-laced affine Lie algebra.
To obtain the basic representations of quantum toroidal and affine
algebras we only need the quantum vertex operators corresponding to
irreducible representations of Γ and their negatives in the Grothendieck
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ring of this group. We attach two halves of quantum vertex opera-
tors using the simplest nontrivial representations of C× namely q and
q−1. Each of the two choices and only these two yield the basic rep-
resentations of Uq(̂̂g) and Uq(ĝ), in a perfect correspondence with the
construction in [FJ]. This choice of an irreducible character of C× is
essentially the only freedom that exists in our construction of quan-
tum vertex operators for the quantum affine and toroidal algebras and
is fixed by comparison with the algebra relations. However it raises
the question of constructing a “natural” quantum vertex operator cor-
responding to any virtual character γ of Γ. This question is closely
related to the well-known problem of finding a q-deformation of vertex
operator algebras associated to the basic representation of an affine Lie
algebra.
This paper is organized in a way similar to [FJW]. In Sect. 2 we
review the theory of wreath products of Γ and extend it to Γ×C×. In
Sect. 3 we define the weighted bilinear form on Γ×C× and its wreath
products. In Sect. 4 we introduce two distinguished q-deformed weight
functions associated to subgroups of SU2. In Sect. 5 we define the
Heisenberg algebra associated to Γ and the weighted bilinear form, and
we construct its representation in a Fock space. In Sect. 6 we estab-
lish the isometry between the representation ring of wreath products
of Γ × C× and the Fock space representation of the Heisenberg alge-
bra. In Sect. 7 we construct quantum vertex operators acting on the
representation ring of the wreath products. In Sect. 8 we obtain the
basic representations of quantum toroidal algebras and quantum affine
algebras from representation theory of wreath products for Γ× C×.
2. Wreath products and vertex representations
2.1. The wreath product Γn. Let Γ be a finite group and n a non-
negative integer. The wreath product Γn is the semidirect product of
the n-th direct product Γn = Γ× · · ·× Γ and the symmetric group Sn:
Γn = {(g, σ)|g = (g1, . . . , gn) ∈ Γ
n, σ ∈ Sn}
with the group multiplication
(g, σ) · (h, τ) = (g σ(h), στ),
where Sn acts on Γ
n by permuting the factors.
Let Γ∗ be the set of conjugacy classes of Γ consisting of c
0 = {1}, c1,
. . . , cr and Γ∗ be the set of r + 1 irreducible characters: γ0, γ1, . . . , γr.
Here we denote the trivial character of Γ by γ0. The order of the
centralizer of an element in the conjugacy class c is denoted by ζc, so
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the order of the conjugacy class c is |c| = |Γ|/ζc, where |Γ| is the order
of Γ.
A partition λ = (λ1, λ2, . . . , λl) is a decomposition of n = |λ| =
λ1 + · · · + λl with nonnegative integers: λ1 ≥ · · · ≥ λl ≥ 1, where
l = l(λ) is called the length of the partition λ and λi are called the
parts of λ. Another notation for λ is
λ = (1m12m2 · · · )
with mi being the multiplicity of parts equal to i in λ. Denote by P
the set of all partitions of integers and by P(S) the set of all partition-
valued functions on a set S. The weight of a partition-valued function
ρ = (ρ(s))s∈S is defined to be ‖ρ‖ =
∑
s∈S |ρ(s)|. We also denote by Pn
(resp. Pn(S)) the subset of P (resp. P(S)) of partitions with weight
n.
Just as the conjugacy classes of Sn are parameterized by partitions,
the conjugacy classes of Γn are parameterized by partition-valued func-
tions on Γ∗. Let x = (g, σ) ∈ Γn, where g = (g1, . . . , gn) ∈ Γ
n and
σ ∈ Sn is presented as a product of disjoint cycles. For each cycle
(i1i2 · · · ik) of σ, we define the cycle-product element gikgik−1 · · · gi1 ∈ Γ,
which is determined up to conjugacy in Γ by g and the cycle. For
any conjugacy class c ∈ Γ and each integer i ≥ 1, the number of i-
cycles in σ whose cycle-product lies in c will be denoted by mi(c). This
gives rise to a partition ρ(c) = (1m1(c)2m2(c) . . . ) for c ∈ Γ∗. Thus we
obtain a partition-valued function ρ = (ρ(c))c∈Γ∗ ∈ P(Γ∗) such that
‖ρ‖ =
∑
i,c imi(ρ(c)) = n. This is called the type of the element (g, σ).
It is known [M] that two elements in the same conjugacy class have
the same type and there exists a one-to-one correspondence between
the sets (Γn)∗ and Pn(Γ∗). We will freely say that ρ is the type of the
conjugacy class of Γn.
Given a class c we denote by c−1 the class {x−1|x ∈ c}. For each
ρ ∈ P(Γ∗) we also associate the partition-valued function
ρ = (ρ(c−1))c∈Γ∗.
Given a partition λ = (1m12m2 . . . ), we denote by
zλ =
∏
i≥1
imimi!
the order of the centralizer of an element of cycle type λ in S|λ|. The
order of the centralizer of an element x = (g, σ) ∈ Γn of type ρ =
(ρ(c))c∈Γ∗ is given by
Zρ =
∏
c∈Γ∗
zρ(c)ζ
l(ρ(c))
c .
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2.2. Grothendieck ring RΓ×C×. Let RZ(Γ) be the Z-lattice gener-
ated by γi, i = 0, . . . , r, and R(Γ) = C⊗RZ(Γ) be the space of complex
class functions on the group Γ. In our previous work on the McKay
correspondence and vertex representations [W, FJW] we studied the
Grothendieck ring RΓ =
⊕
n≥0R(Γn). In the quantum case we need to
add the ring R(C×), the space of characters of C× = {t ∈ C|t 6= 0}.
Let q be the irreducible character of C× that sends t to itself. Then
R(C×) is spanned by irreducible multiplicative characters qn, n ∈ Z,
where
qn(t) = tn, t ∈ C×.
Thus R(C×) is identified with the ring C[q, q−1], and we have
R(Γ× C×) = R(Γ)⊗R(C×).
An elements of R(Γ× C×) can be written as a finite sum:
f =
∑
i
fi ⊗ q
ni, fi ∈ R(Γ), ni ∈ Z.
We can also view f as a function on Γ with values in the ring of Lau-
rent polynomials C[q, q−1]. In this case we will write f q to indicate the
formal variable q, then f q(c) =
∑
i fi(c)q
ni ∈ C[q, q−1]. As a function
on Γ× C×, we have f(c, t) =
∑
i fi(c)t
ni.
Denote by RΓ×C× the following direct sum:
RΓ×C× =
⊕
n≥0
R(Γn × C
×) ≃ RΓ ⊗ C[q, q
−1].
2.3. Hopf algebra structure on RΓ×C×. The multiplication m in
C× and the diagonal map C×
d
−→ C× × C× induce the Hopf algebra
structure on R(C×).
mC× : R(C
×)⊗ R(C×)
∼=
−→ R(C× × C×)
d∗
−→ R(C×),(2.1)
∆C× : R(C
×)
m∗
−→ R(C× × C×)
∼=
−→ R(C×)⊗R(C×).(2.2)
In terms of the basis {qn} we have
qi · qj = qi+j,
∆(qk) = qk ⊗ qk,
where we abbreviate ∆C× by ∆ and follow the convention of writing
a · b = mC×(a⊗ b).
The antipode SC× and the counit ǫC× are given by
SC×(q
n) = q−n, ǫC×(q
n) = δn0.
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We extend the Hopf algebra structures on R(C×) and RΓ [Z, M] into
a Hopf algebra structure on RΓ×C× using a standard procedure in Hopf
algebra [A]. The multiplication and comultiplication are given by the
respective composition of the following maps:
m : R(Γn × C
×)⊗ R(Γm × C
×)
∼=
−→ R(Γn × C
× × Γm × C
×)
1⊗m
C×−→ R(Γn × Γm × C
×)
Ind⊗1
−→ R(Γn+m × C
×);(2.3)
∆ : R(Γn × C
×)
Res⊗1
−→ ⊕nm=0R(Γn−m × Γm × C
×)
1⊗∆
C×−→ ⊕nm=0R(Γn−m × Γm × C
× × C×)
∼=
−→ ⊕nm=0R(Γn−m × C
×)⊗ R(Γm × C
×),(2.4)
where we have used the identification of R(C× × C×) with R(C×) ⊗
R(C×) in (2.1-2.2). Also Ind : R(Γn × Γm) −→ R(Γn+m) denotes the
induction functor and Res : R(Γn) −→ R(Γn−m × Γm) denotes the
restriction functor.
The antipode is given by
S(f(g, t)) = f(g−1, t−1), g ∈ Γ, t ∈ C×.
In particular, S(γ)(c) = γ(c−1) for γ ∈ Γ∗. As we mentioned earlier,
we may write f ∈ RΓ×C× as
f q(g) =
∑
i
fi(g)q
ni,
Then S(f q)(g) =
∑
i fi(g
−1)q−ni.
The counit ǫ is defined by
ǫ(R(Γn × C
×)) = 0, if n 6= 0,
and ǫ on R(C×) is the counit of the Hopf algebra R(C×).
3. A weighted bilinear form on R(Γn × C
×)
3.1. A standard bilinear form on RΓ×C×. Let f, g ∈ R(Γ×C
×) with
f =
∑
i fi ⊗ q
ni and g =
∑
i gi ⊗ q
mi . The C[q, q−1]-valued standard
C-bilinear form on R(Γ× C×) is defined as
〈f, g〉qΓ =
∑
i,j
〈fi, gj〉Γq
ni−mj
=
∑
i,j
∑
c∈Γ∗
ζ−1c fi(c)gj(c
−1)qni−mj ,
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where we recall that c−1 denotes the conjugacy class {x−1|x ∈ c} of Γ,
and ζc is the order of the centralizer of the class c in Γ. Sometimes we
will also view the bilinear form as a function of t ∈ C×:
〈f, g〉qΓ(t) =
∑
c∈Γ∗
ζ−1c f(c, t)S(g(c, t)).
The following is a direct consequence of the orthogonality of irre-
ducible characters of Γ.
〈γi ⊗ q
k, γj ⊗ q
l〉qΓ = δijq
k−l,∑
γ∈Γ∗
γ(c′)S(γ)(c) = δc,c′ζc, c, c
′ ∈ Γ∗.(3.1)
Let 〈 , 〉qΓn be the C[q, q
−1]-valued bilinear form on R(Γn×C
×). The
C[q, q−1]-valued standard bilinear form in RΓ×C× is defined in terms of
the bilinear form on R(Γn × C
×) as follows:
〈u, v〉q =
∑
n≥0
〈un, vn〉
q
Γn
,
where u =
∑
n un and v =
∑
n vn with un, vn ∈ R(Γn × C
×).
3.2. A weighted bilinear form on R(Γ × C×). A class function
ξ ∈ R(Γ× C×) is called ⁀self-dual if for all x ∈ Γ, t ∈ C×
ξ(x, t) = S(ξ(x, t)),
or equivalently ξq(x) = ξq
−1
(x−1).
We fix a self-dual class function ξ. The tensor product of two repre-
sentations γ and β in R(Γ× C×) will be denoted by γ ∗ β.
Let aij ∈ C[q, q
−1] be the (virtual) multiplicity of γj in ξ ∗ γi, i.e.,
ξ ∗ γi =
r∑
j=0
aijγj.(3.2)
We denote by Aq the (r + 1)× (r + 1) matrix (aij)0≤i,j≤r.
Associated to ξ we introduce the following weighted bilinear form
〈f, g〉qξ = 〈ξ ∗ f, g〉
q
Γ, f, g ∈ R(Γ× C
×).
where we use the superscript q to indicate the q-dependence. The
superscript q is often omitted if the q-variable in characters f and g
is clear from the context. The explicit formula of the bilinear form is
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given as follows.
〈f, g〉qξ =
1
|Γ|
∑
x∈Γ
ξq(x)f q(x)gq
−1
(x−1)
=
∑
c∈Γ∗
ζ−1c ξ
q(c)f q(c)gq
−1
(c−1),(3.3)
which is the average of the character ξ ∗ f ∗ g over Γ.
The self-duality of ξ together with (3.3) implies that
aij = aji,
i.e. Aq is a hermitian-like matrix with the bar action given by q = q−1.
The orthogonality (3.1) implies that
aij = 〈γi, γj〉
q
ξ.(3.4)
Remark 3.1. If ξ is the trivial character γ0, then the weighted bilinear
form becomes the standard one on R(Γ× C×).
3.3. A weighted bilinear form on R(Γn×C
×). Let V be a Γ×C×-
module which affords a character γ in R(Γ× C×). We can decompose
V as follows:
V =
⊕
i
Vi ⊗ C(ki),
where Vi is a (virtual) Γ-module in R(Γ) and C(ki) is the one dimen-
sional C×-module afforded by the character qki.
The n-th outer tensor product V ⊗n of V can be regarded naturally
as a representation of the wreath product (Γ × C×)n via permutation
of the factors and the usual direct product action. More precisely, note
that Γn×C
× can be viewed as a subgroup of (Γ×C×)n by the diagonal
inclusion from C× to (C×)n:
Γn × C
× −→ (Γn × C×
n
)⋊ Sn = (Γ× C
×)n.
This provides a natural Γn×C
×-module structure on V ⊗n. We denote
its character by ηn(γ). Explicitly we have
(g, σ, t).(v1 ⊗ · · · ⊗ vn) = (g1, t)vσ−1(1) ⊗ · · · ⊗ (gn, t)vσ−1(n),(3.5)
where g = (g1, . . . , gn) ∈ Γ
n.
Let εn be the (1-dimensional) sign representation of Γn so that Γ
n
acts trivially while letting Sn act as a sign representation. We denote
by εn(γ) ∈ R(Γn × C
×) the character of the tensor product of εn ⊗ 1
and V ⊗n.
The weighted bilinear form on R(Γn × C
×) is now defined by
〈f, g〉qξ,Γn = 〈ηn(ξ) ∗ f, g〉
q
Γn
, f, g ∈ R(Γn × C
×).
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We shall see in Corollary 6.2 that ηn(ξ) is self-dual if the class function
ξ is invariant under the antipode S. In such a case the matrix of the
bilinear form 〈 , 〉qξ is equal to its adjoint (transpose and bar action).
We can naturally extend ηn to a map from R(Γ)⊗q
k to R(Γ×C×) as
in the classical case (cf. [W]). In particular, if β and γ are characters
of representations V and W of Γ respectively, then
ηn(β ⊗ q
k + γ ⊗ ql)
=
n∑
m=0
IndΓn×C
×
Γn−m×C××Γm×C×
[ηn−m(β ⊗ q
k)⊗ ηm(γ ⊗ q
l)],(3.6)
ηn(β ⊗ q
k − γ ⊗ ql)
=
n∑
m=0
(−1)mIndΓn×C
×
Γn−m×C××Γm×C×
[ηn−m(β ⊗ q
k)⊗ εm(γ ⊗ q
l)].(3.7)
On RΓ×C× =
⊕
nR(Γn ×C
×) the weighted bilinear form is given by
〈u, v〉qξ =
∑
n≥0
〈un, vn〉
q
ξ,Γn
where u =
∑
n un and v =
∑
n vn with un, vn ∈ R(Γn × C
×).
The bilinear form 〈 , 〉qξ on RΓ×C× is C-bilinear and takes values in
C[q, q−1]. When n = 1, it reduces to the weighted bilinear form defined
on R(Γ× C×).
We will often omit the superscript q and use the notation 〈 , 〉ξ for
the weighted bilinear form on RΓ×C× .
4. Quantum McKay weights
4.1. Quantum McKay correspondence. Let di = γi(c
0) be the
dimension of the irreducible representation of Γ corresponding to the
character γi.
The following generalizes a result of McKay [Mc].
Proposition 4.1. For each class c ∈ Γ∗ the column vector
v(c) = (γ0(c), γ1(c), . . . , γr(c))
t
is an eigenvector of the (r + 1) × (r + 1)-matrix Aq = (〈γi, γj〉
q
ξ) with
eigenvalue ξq(c). In particular (d0, d1, . . . , dr) is an eigenvector of A
q
with eigenvalue ξq(c0).
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Proof. We compute directly that
r∑
k=0
〈γi, γk〉
q
ξγk(c) =
∑
k
∑
c′∈Γ∗
ζ−1c′ ξ
q(c′)γi(c
′)γk(c
′−1)γk(c)
=
∑
c′∈Γ∗
ζ−1c′ ξ
q(c′)γi(c
′)
∑
k
γk(c
′−1)γk(c)
=
∑
c′∈Γ∗
ζ−1c′ ξ
q(c′)γi(c
′)ζcδcc′
= ξq(c)γi(c).
Let π be an irreducible faithful representation π of Γ of dimension
d. For each integer n we define the q-integer [n] that can be viewed as
a character of C× by
[n] =
qn − q−n
q − q−1
= qn−1 + qn−3 + · · ·+ q−n+1.
We take the following special class function
ξ = γ0 ⊗ [d]− π ⊗ 1C×,(4.1)
where we have also used the symbol π for the corresponding character,
and 1C× = q
0 is the trivial character of C×.
Proposition 4.2. The weighted bilinear form associated to (4.1) is
non-degenerate. If π is an embedding of Γ into SUd and t 6= 1 is a
nonnegative real number, then the weighted bilinear form evaluated on
t is positive definite.
Proof. A simple fact of finite group theory says that
〈f, f〉pi ≤ d〈f, f〉.
Assume that t ∈ R+. Observe that
td−1 + td−3 + · · ·+ t−d+1 ≥ d
and the equality holds if and only if t = 1.
Let Aq = (〈γi, γj〉
q
ξ) = (aij). Note that for any faithful representation
π of Γ we have that
π ∗ γi =
∑
j
cijγj , cij ∈ N.
Then it follows that
〈γi, γj〉
q
ξ(t) = (t
d−1 + td−3 + · · ·+ t−d+1)〈γi, γj〉 − 〈γi, γj〉pi
= [d](t)δij − cij = A
1 + ([d](t)− d)I.
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According to Steinberg (see e.g. [FJW]), A1 is positive semi-definite
which generalizes McKay’s observation in the case of d = 2. This
implies that the eigenvalues of Aq are ≥ [d](t) − d ≥ 0. Thus the
matrix Aq(t) is positive-definite when t > 0 and t 6= 1.
We remark that when |t| = 1 and t is close to 1, the signature of
Aq(t) is (−1, 1, . . . , 1) due to [d](t) ≤ d.
Remark 4.1. The matrix A1 is integral, and the entries of Aq are the
q-numbers of the corresponding entries in A1 when r ≥ 2.
4.2. Two quantum McKay weights. Let Γ is a finite subgroup of
SU2 and we introduce the first distinguished self-dual class function
ξ = γ0 ⊗ (q + q
−1)− π ⊗ 1C×,
where π is the character of the embedding of Γ in SU2.
The matrix of the weighted bilinear form 〈 , 〉ξ (cf. (3.4)) has the
following entries:
aij =

q + q−1, if i = j,
−1, if 〈γi, γj〉
1
ξ = −1,
−2, if 〈γi, γj〉
1
ξ = −2 and Γ = Z/2Z
0, otherwise.
(4.2)
In particular when q = 1 the matrix (a1ij) coincides with the extended
Cartan matrix of ADE type according to the five classes of finite sub-
groups of SU2: the cyclic, binary dihedral, tetrahedral, octahedral, and
icosahedral groups. McKay [Mc] gave a direct correspondence between
a finite subgroup of SU2 and the affine Dynkin diagramD of ADE type.
Each irreducible character γi corresponds to a vertex of D, and the
number of edges between γi and γj (i 6= j) is equal to |〈γi, γj〉
1
ξ|, where
〈γi, γj〉
1
ξ = a
1
ij are the entries of matrix A
1 of the weighted bilinear form
〈 , 〉1ξ. For this reason we will call our matrix A
q = (aij) = (〈γi, γj〉
q
ξ)
the quantum Cartan matrix.
Let Γ be the cyclic subgroup of SU2 of order r+1. We can introduce
the second deformation parameter in the quantum Cartan matrix. Let
γi(i = 0, . . . , r) be the full set of irreducible characters of C
× such
that γi ∗ γj = γi+j mod r+1. The embedding of Γ in SU2 is given by
π = γ1 + γr.
For p = qk ∈ R(C×) we let
ξ = ξq,p = γ0 ⊗ (q + q
−1)− (γ1 ⊗ p+ γr ⊗ p
−1).
When p = 1 the second choice reduces to the first choice in type A.
This class function is self-dual since S(γi) = γr+1−i, i = 0, 1, . . . , r and
S(q) = q−1, S(p) = p−1.
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It is easy to see that
aij(q, p) = 〈γi, γj〉
q,p
ξ = [2]δij − pδi+1,j − p
−1δi−1,j.(4.3)
Thus the matrix of the weighted bilinear form 〈 , 〉ξ (cf. (3.4)) has the
following form.
q + q−1 −p 0 · · · −p−1
−p−1 q + q−1 −p · · · 0
0 −p−1 q + q−1 · · · 0
· · · · · · · · · · · · · · ·
−p 0 · · · −p−1 q + q−1
 , if r ≥ 2,(4.4)
or (
q + q−1 −p− p−1
−p− p−1 q + q−1
)
, if r = 1.(4.5)
Note that when Γ = 1, the matrix of the bilinear form 〈 , 〉q,pξ is
q + q−1 − p− p−1, which is degenerate when q = p±1.
We will call this matrix the (q, p)-Cartan matrix (of type A). The
self-duality of ξq,p transforms into the condition that the (q, p)-Cartan
matrix is ∗-invariant, where the ∗ action is the composition of transpose
and bar action. Namely, aij(q, p) = aji(q
−1, p−1).
Proposition 4.3. If p 6= q±1, then the bilinear form 〈 , 〉q,pξ is non-
degenerate. If p = q±1, the bilinear form 〈 , 〉q,pξ is degenerate of rank
r.
Proof. Let Aq,p = (〈γi, γj〉
q,p
ξ ) be the matrix of the bilinear form 〈 , 〉
q,p
ξ
and let ω be a (r+1)-th root of unity. Then γi(c
j) = ωij and γi ∗ γj =
γi+j. From this and Proposition 4.1 we see that as a matrix over
C[q, q−1] the eigenvalues of Ap,q are q+q−1−ωip−ω−ip−1, i = 0, . . . , r.
The function q+ q−1− ωip−ω−ip−1 ∈ R(C×) is non-zero except when
i = 0 and q = p±1.
5. Quantum Heisenberg algebras and Γn
5.1. Heisenberg algebra ĥΓ,ξ. Let ĥΓ,ξ be the infinite dimensional
Heisenberg algebra over C[q, q−1], associated with Γ and ξ ∈ R(Γ×C×),
with generators am(c), c ∈ Γ∗, m ∈ Z and a central element C subject
to the following commutation relations:
[am(c
−1), an(c
′)] = mδm,−nδc,c′ζcξqm(c)C, c, c
′ ∈ Γ∗.(5.1)
For m ∈ Z, γ ∈ Γ∗ and k ∈ Z we define
am(γ ⊗ q
k) =
∑
c∈Γ∗
ζ−1c γ(c)am(c)q
mk
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and then extend it to R(Γ × C×) linearly over C. Thus we have for
γ ∈ R(Γ× C×)
am(γ) =
∑
c∈Γ∗
ζ−1c γqm(c)am(c).(5.2)
In particular we have am(γ ⊗ q
k) = am(γ)q
mk.
It follows immediately from the orthogonality (3.1) of the irreducible
characters of Γ that for each c ∈ Γ∗
am(c) =
∑
γ∈Γ∗
S(γ(c))am(γ).
Note that this formula is also valid if the summation runs through
Γ∗ ⊗ qk with a fixed k.
Proposition 5.1. The Heisenberg algebra ĥΓ,ξ has a new basis given by
an(γ) and C (n ∈ Z, γ ∈ Γ
∗) over C[q, q−1] with the following relations:
[am(γ), an(γ
′)] = mδm,−n〈γ, γ
′〉q
m
ξ C.(5.3)
Proof. This is proved by a direct computation using Eqns. (5.1), (3.3)
and (3.1).
[am(γ), an(γ
′)] =
∑
c,c′∈Γ∗
ζ−1c ζ
−1
c′ γ(c)γ
′(c′)[am(c), an(c
′)]
= mδm,−n
∑
c,c′∈Γ∗
ζ−1c ζ
−1
c′ γ(c)γ
′(c′)δc−1,c′ζcξqm(c)C
= mδm,−n
∑
c∈Γ∗
ζ−1c γ(c)γ
′(c−1)ξqm(c)C
= mδm,−n〈γ, γ
′〉q
m
ξ C.
5.2. Action of ĥΓ,ξ on the Space SΓ×C×. Let SΓ×C× be the sym-
metric algebra generated by a−n(γ), n ∈ N, γ ∈ Γ∗ over C[q, q
−1]. We
define a−n(γ ⊗ q
k) = a−n(γ)q
−kn and the natural degree operator on
the space SΓ×C× by
deg(a−n(γ ⊗ q
k)) = n
which makes SΓ×C× into a Z+-graded algebra.
The space SΓ×C× affords a natural realization of the Heisenberg al-
gebra ĥΓ,ξ with C = 1. Since a−n(γ ⊗ q
k) = q−nka−n(γ), it is enough
to describe the action for a−n(γ). The central element C acts as the
identity operator. For n > 0, a−n(γ) act as multiplication operators
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on SΓ×C× . The element an(γ), n ≥ 0 acts as a differential operator
through contraction:
an(γ).a−n1(α1)a−n2(α2) . . . a−nk(αk)
=
∑k
i=1〈γ, αi〉
qn
ξ a−n1(α1)a−n2(α2) . . . aˇ−ni(αi) . . . a−nk(αk).
Here ni > 0, αi ∈ R(Γ) for i = 1, . . . , k, and aˇ−ni(αi) means the very
term is deleted. In this case SΓ×C× is an irreducible representation of
ĥΓ,ξ with the unit 1 as the highest weight vector.
5.3. The bilinear form on SΓ×C×. As a ĥΓ,ξ-module, the space SΓ×C×
admits a bilinear form 〈 , 〉′ξ over C[q, q
−1] characterized by
〈1, 1〉′ξ = 1,
〈au, v〉′ξ = 〈u, a
∗v〉′ξ, a ∈ ĥΓ,ξ,(5.4)
with the adjoint map ∗ on ĥΓ,ξ given by
an(γ ⊗ q
k)∗ = a−n(γ ⊗ q
k), n ∈ Z.(5.5)
Note that the adjoint map ∗ is a C-linear anti-homomorphism of ĥΓ,ξ,
and q∗ = q. We still use the same symbol ∗ to denote the hermitian-like
dual, since it clearly generalizes the ∗-action on the deformed Cartan
matrix (4.4).
For any partition λ = (λ1, λ2, . . . ) and γ ∈ Γ
∗, we define
a−λ(γ) = a−λ1(γ)a−λ2(γ) . . . .
For ρ = (ρ(γ))γ∈Γ∗ ∈ P(Γ
∗), we define
a−ρ⊗qk = q
−k‖ρ‖
∏
γ∈Γ∗
a−ρ(γ)(γ).
It is clear that for a fixed k ∈ Z the elements a−ρ⊗qk , ρ ∈ P(Γ
∗) form a
basis of SΓ×C× over C[q, q
−1].
Given a partition λ = (λ1, λ2, . . . ) and c ∈ Γ∗, we define
a−λ(c⊗ q
k) = q−k|λ|a−λ1(c)a−λ2(c) . . . ,
For any ρ = (ρ(c))c∈Γ∗ ∈ P(Γ∗) and k ∈ Z, we define
a′−ρ⊗qk = q
−k‖ρ‖
∏
c∈Γ∗
a−ρ(c)(c).
It follows from Proposition 5.1 that
〈a′−ρ⊗qk , a
′
−σ⊗ql〉
′
ξ = δρ,σq
‖ρ‖(l−k)Zρ
∏
c∈Γ∗
∏
i≥1
ξqi(c)
mi(ρ(c)),(5.6)
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where ρ, σ ∈ P(Γ∗). Note that S(a
′
−ρ⊗qk) = a
′
−ρ⊗q−k , where we recall
that ρ ∈ P(Γ∗) is the partition-valued function given by c 7→ ρ(c
−1),
c ∈ Γ.
6. The characteristic map as an isometry
6.1. The characteristic map ch. Let Ψ : Γn → SΓ×C× be the map
defined by Ψ(x) = a′−ρ if x ∈ Γn is of type ρ.
We define a C-linear map ch : RΓ×C× −→ SΓ×C× by letting
ch(f) = 〈f,Ψ〉Γn
=
∑
ρ∈P(Γ∗)
Z−1ρ S(f(ρ))a
′
−ρ,(6.1)
where f(ρ) ∈ C[q, q−1] is the value of f at the elements of type ρ. The
map ch is called the characteristic map. This generalizes the definition
of the characteristic map in the classical setting (cf. [M, FJW]).
The space SΓ×C× can also be interpreted as follows. The element
a−n(γ), n > 0, γ ∈ Γ
∗ is identified as the n-th power sum in a sequence
of variables yg = (yiγ)i≥1. By the commutativity among a−n(γ) (γ ∈
Γ∗, n > 0) and dimension counting it is clear that the space SΓ×C× is
isomorphic with the space ΛΓ of symmetric functions indexed by Γ
∗
tensored with C[q, q−1] (cf. [M]).
Denote by cn(c ∈ Γ∗) the conjugacy class in Γn of elements (x, s) ∈
Γn such that s is an n-cycle and x ∈ c. Denote by σn(c⊗ q
k) the class
function on Γn × C
× which takes values nζct
−nk (i.e. the order of the
centralizer of an element in the class cn times t
−nk) on elements in the
class cn × t and 0 elsewhere. For ρ = {mr(c)}r≥1,c∈Γ∗ ∈ Pn(Γ
∗) and
k ∈ Z,
σρ⊗qk = q
−nk
∏
r≥1,c∈Γ∗
σr(c)
mr(c)
is the class function on Γn × C
× which takes value Zρt
−nk on the con-
jugacy class of type ρ× t and 0 elsewhere. Given γ ∈ Γ∗ and k ∈ Z, we
denote by σn(γ ⊗ q
k) the class function on Γn ×C
× which takes values
nγ(c)t−nk on elements in the class cn × t(c ∈ Γ∗) and 0 elsewhere.
Lemma 6.1. The map ch sends σρ⊗qk to a
′
−ρ⊗qk . In particular, it
sends σn(γ ⊗ q
k) to a−n(γ ⊗ q
k) in SΓ×C×.
Proof. This is verified by the definition of ch (6.1) and the character
values of σn defined above.
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Proposition 6.1. Given γ ∈ Γ∗, the character value of ηn(γ ⊗ q
k) on
the conjugacy class cρ of type ρ = (ρ(c))c∈Γ∗ is given by
ηn(γ ⊗ q
k)(cρ) =
∏
c∈Γ∗
γ(c)l(ρ(c))qnk.(6.2)
In particular, we have ηn(γ ⊗ q
k) = ηn(γ)q
nk.
Proof. We first let (g, σ) be an element of Γn such that σ is a cycle of
length n, say σ = (12 · · ·n). Let {ei} be a basis of V , and γ ⊗ q
k is
afforded by the action: (h, t)ej =
∑
i cij(h)t
kei, where h ∈ Γ. We then
have
(g, σ, t).(ej1 ⊗ ej2 ⊗ · · · ⊗ ejn)
= (g1, t)ejn ⊗ (g2, t)ej1 ⊗ · · · ⊗ (gn, t)ejn−1
=
∑
i1,... ,in
tkncinjn(g1)ci1j1(g2) · · · cin−1jn−1(gn)ein ⊗ ei1 · · · ⊗ ein−1 .
It follows that
ηn(γ ⊗ q
k)(cρ, t) = trace (g, σ, t)
=
∑
j1,... ,jn
tkncj1jn(g1)cj2j1(g2) · · · cjnjn−1(gn)
= trace tkna(gn)a(gn−1) . . . a(g1)
= trace tkna(gngn−1 . . . g1) = γ(c)q
kn(t).
Given x × y ∈ Γn where x ∈ Γr and y ∈ Γn−r, by (3.5) we clearly
have
ηn(γ ⊗ q
k)(x× y, t) = ηn(γ ⊗ q
k)(x, t)ηn(γ ⊗ q
k)(y, t).
This immediately implies the formula.
A similar argument gives that
εn(γ ⊗ q
k)(x, t) = (−1)n
∏
c∈Γ∗
(−γ(c))l(ρ(c))tnk,(6.3)
where x is any element in the conjugacy class of type ρ = (ρ(c))c∈Γ∗ .
Formula (6.2) is equivalent to the following:
ηn(γ ⊗ q
k)(cρ, t) =
∏
c∈Γ∗
∏
i≥1
(γ ⊗ qk)(c, ti)mi(ρ(c)).(6.4)
The following result allows us to extend the map from γ ∈ Γ∗ to
R(Γn).
QUANTUM VERTEX OPERATORS AND MCKAY CORRESPONDENCE 17
Proposition 6.2. For any γ ∈ R(Γ), we have
∑
n≥0
ch(ηn(γ ⊗ q
k))zn = exp
(∑
n≥1
1
n
a−n(γ)(q
−kz)n
)
,(6.5)
∑
n≥0
ch(εn(γ ⊗ q
k))zn = exp
(∑
n≥1
(−1)n−1
1
n
a−n(γ)(q
−kz)n
)
.(6.6)
Proof. It follows from definition of ch (6.1) and (6.4) that
∑
n≥0
ch(ηn(γ ⊗ q
k))zn
=
∑
ρ
Z−1ρ
∏
c∈Γ∗
∏
i≥1
S(γqik(c)
mi(ρ(c)))a−ρ(c)z
||ρ||q−||ρ||
=
∑
ρ
Z−1ρ
∏
c∈Γ∗
γ(c)l(ρ(c))a−ρ(c)(q
−kz)||ρ||
=
∏
c∈Γ∗
(∑
λ
(ζ−1c γ(c))
l(λ)z−1λ a−λ(c)(q
−kz)|λ|
)
= exp
(∑
n≥1
1
n
∑
c∈Γ∗
ζ−1c γ(c)a−n(c)(q
−kz)n
)
= exp
(∑
n≥1
1
n
a−n(γ)(q
−kz)n
)
.
Similarly we can prove (6.6) using the following identity
εn(γ ⊗ q
k)(x) = (−1)n
∏
c∈Γ∗
∏
i≥1
(−γqik(c))
mi(ρ(c))
= (−qk)n
∏
c∈Γ∗
∏
i≥1
(−γ(c))mi(ρ(c))
= εn(γ)(x)q
nk.
The same argument as in the classical case (cf. [FJW]) by using (3.6)
and (3.7) will show that the proposition holds for linear combination
of simple characters such as γ⊗ qk− β⊗ qk, and thus it is true for any
element γ ⊗ qk, where γ ∈ R(Γ).
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Comparing components we obtain
ch(ηn(γ ⊗ q
k)) =
∑
λ
q−nk
zλ
a−λ(γ),
ch(εn(γ ⊗ q
k)) =
∑
λ
q−nk
zλ
(−1)|λ|−l(λ)a−λ(γ),
where the sum runs over all partitions λ of n.
Corollary 6.2. The formula (6.4) remains valid when γ ⊗ qk is re-
placed by any element ξ ∈ R(Γ × C×). In particular ηn(ξ) is self-dual
provided that ξ is invariant under the antipode S.
6.2. Isometry between RΓ×C× and SΓ×C×. The symmetric algebra
SΓ×C× = SΓ⊗C[q, q
−1] has the following Hopf algebra structure over C.
The multiplication is the usual one, and the comultiplication is given
by
∆(qk) = qk ⊗ qk
∆(an(γ ⊗ q
k)) = an(γ ⊗ q
k)⊗ qnk + qnk ⊗ an(γ ⊗ q
k),
where γ ∈ Γ∗. The last formula is equivalent to the following:
∆(an(c⊗ q
k)) = an(c⊗ q
k)⊗ qnk + qnk ⊗ an(c⊗ q
k),(6.7)
where c ∈ Γ∗. The antipode is given by
S(qk) = q−k,
S(an(γ ⊗ q
k)) = −an(γ ⊗ q
−k)
The antipode commutes with the adjoint (dual) map ∗:
∗2 = S2 = Id, S∗ = ∗S.(6.8)
Recall that we have defined a Hopf algebra structure on RΓ×C× in
Sect. 2.
Proposition 6.3. The characteristic map ch : RΓ×C× −→ SΓ×C× is
an isomorphism of Hopf algebras.
Proof. It follows immediately from the definition of the comultiplica-
tion in the both Hopf algebras (cf. (2.4) and (6.7)).
Remark 6.3. The comultiplication (6.7) is in fact induced from that of
the classical case in [FJW] and only works for C = 1.
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Remark 6.4. There is another coproduct called Drinfeld comultiplica-
tion ∆D on the algebra SΓ×C× adjoined by a central element q
c. The
formula on SΓ×C× at level c is as follows [J2]:
∆D(an(γ)) = an(γ)⊗ q
|n|c/2 + q−|n|c/2 ⊗ an(γ).(6.9)
We do not know a conceptual interpretation of the Drinfeld comulti-
plication in RΓ×C× .
Recall that we have defined a bilinear form 〈 , 〉ξ on RΓ×C× and a
bilinear form on SΓ×C× denoted by 〈 , 〉
′
ξ, where ξ is a self-dual class
function. The following lemma is immediate from our definition of 〈 , 〉′ξ
and the comultiplication ∆.
Lemma 6.5. The bilinear form 〈 , 〉′ξ on SΓ×C× can be characterized
by the following two properties:
1). 〈a−n(β ⊗ q
k), a−m(γ ⊗ q
l)〉
′
ξ = δn,mq
n(l−k)〈β, γ〉
′
ξ, β, γ ∈ Γ
∗,
k, l ∈ Z.
2). 〈fg, h〉
′
ξ = 〈f ⊗ g,∆h〉
′
ξ, where f, g, h ∈ SΓ×C×, and the bilinear
form on SΓ×C× ⊗ SΓ×C× , is induced from 〈 , 〉
′
ξ on SΓ×C×.
Theorem 6.6. The characteristic map is an isometry from the space
(RΓ×C×, 〈 , 〉ξ) to the space (SΓ×C×, 〈 , 〉
′
ξ).
Proof. By Corollary 6.2, the character value of ηn(ξ) at an element x
of type ρ is
ηn(ξ)(x) =
∏
c∈Γ∗
∏
i≥1
ξqi(c)
mi(ρ(c)).
Thus it follows from definition that
〈σρ⊗qk , σρ′⊗ql〉ξ =
∑
µ∈Pn(Γ∗)
Z−1µ q
n(l−k)ξq(cµ)σρ(cµ)σρ′(cµ)
= δρ,ρ′Z
−1
ρ q
n(l−k)ξ(cρ)ZρZρ
= δρ,ρ′Zρq
n(l−k)
∏
c∈Γ∗
∏
i≥1
ξqi(c)
mi(ρ(c)).
By Lemma 6.1 and the formula (5.6), we see that
〈σρ⊗qk , σρ′⊗ql〉ξ = 〈a−ρ⊗qk , a−ρ′⊗ql〉
′
ξ = 〈ch(σρ⊗qk), ch(σρ′⊗ql)〉
′
ξ.
Since σρ⊗qk , ρ ∈ P(Γ∗) form a C-basis of RΓ×C×, we have shown that
ch : RΓ×C× −→ SΓ×C× is an isometry.
¿From now on we will not distinguish the bilinear form 〈 , 〉ξ on
RΓ×C× from the bilinear form 〈 , 〉
′
ξ on SΓ×C× .
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7. Quantum vertex operators and RΓ×C×
7.1. Vertex Operators and Heisenberg algebras in FΓ×C×. Let
Q be an integral lattice with basis αi, i = 0, 1, . . . , r endowed with a
symmetric bilinear form. As in the case of q = 1 (cf. [FK]), we fix a
2-cocycle ǫ : Q×Q −→ C× such that
ǫ(α, β) = ǫ(β, α)(−1)〈α,β〉+〈α,α〉〈β,β〉.
We remark that the cocycle can be constructed directly by prescribing
the values of (αi, αj) ∈ {±1} (i < j).
Let ξ be a self-dual virtual character in RΓ×C× . Recall that the lattice
RZ(Γ) is a Z-lattice under the bilinear form 〈 , 〉
1
ξ , here the superscript
means q = 1. For our purpose we will always associate a 2-cocycle ǫ
as in the previous subsection to the integral lattice (RZ(Γ), 〈 , 〉
1
ξ) (and
its sublattices).
Let C[RZ(Γ)] be the group algebra generated by e
γ , γ ∈ RZ(Γ).
We introduce two special operators acting on C[RZ(Γ)]: A (ǫ-twisted)
multiplication operator eα defined by
eα.eβ = ǫ(α, β)eα+β, α, β ∈ RZ(Γ),
and a differentiation operator ∂α given by
∂αe
β = 〈α, β〉1ξe
β, α, β ∈ RZ(Γ).
These two operators are then extended linearly to the space
FΓ×C× = RΓ×C× ⊗ C[RZ(Γ)](7.1)
by letting them act on the RΓ×C× part trivially.
We define the Hopf algebra structure on C[RZ(Γ)] and extend the
Hopf algebra structure from RΓ×C× to FΓ×C×as follows.
∆(eα) = eα ⊗ eα, S(eα) = e−α.
The bilinear form 〈 , 〉qξ on RΓ×C× is extended to FΓ×C× by
〈eα, eβ〉ξ = δα,β .
With respect to this extended bilinear form we have the ∗-action
(adjoint action) on the operators eα and ∂α:
(eα)∗ = e−α, (z∂α)∗ = z−∂α .(7.2)
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For each k ∈ Z, we introduce the group theoretic operators
H±n(γ ⊗ q
k), E±n(γ ⊗ q
k), γ ∈ R(Γ), n > 0 as the following compo-
sitions of maps:
H−n(γ ⊗ q
k) : R(Γm × C
×)
ηn(γ⊗qk)⊗
−→ R(Γn × C
×)⊗R(Γm × C
×)
Ind⊗m
C×−→ R(Γn+m × C
×)
E−n(γ ⊗ q
k) : R(Γm × C
×)
εn(γ⊗qk)⊗
−→ R(Γn × C
×)⊗R(Γm × C
×)
Ind⊗m
C×−→ R(Γn+m × C
×)
En(γ ⊗ q
k) : R(Γm × C
×)
Res
−→ R(Γn)⊗R(Γm−n × C
×)
〈εn(γ⊗qk),·〉ξ
−→ R(Γm−n × C
×)
Hn(γ ⊗ q
k) : R(Γm × C
×)
Res
−→ R(Γn)⊗R(Γm−n × C
×)
〈ηn(γ⊗qk),·〉ξ
−→ R(Γm−n × C
×),
where Res and Ind are the restriction and induction functors in RΓ =⊕
n≥0R(Γn).
We introduce their generating functions in a formal variable z:
H±(γ ⊗ q
k, z) =
∑
n≥0
H∓n(γ ⊗ q
k)z±n,
E±(γ ⊗ q
k, z) =
∑
n≥0
E∓n(γ ⊗ q
k)(−z)±n.
We now define the vertex operators Y ±n (γ ⊗ q
l, k) , γ ∈ Γ∗, k, l ∈ Z,
n ∈ Z+ 〈γ, γ〉1ξ/2 as follows.
Y +(γ ⊗ ql, k, z) =
∑
n∈Z+〈γ,γ〉1
ξ
/2
Y +n (γ ⊗ q
l, k)z−n−〈γ,γ〉
1
ξ
/2
= H+(γ ⊗ q
l, z)E−(γ ⊗ q
l−k, z)eγ(q−lz)∂γ ,(7.3)
Y −(γ ⊗ ql, k, z) = (Y +(γ ⊗ ql, k, z−1))∗
=
∑
n∈Z+〈γ,γ〉1
ξ
/2
Y −n (γ ⊗ q
l, k)z−n−〈γ,γ〉
1
ξ
/2
= E+(γ ⊗ q
l−k, z)H−(γ ⊗ q
l, z)e−γ(q−lz)−∂γ .(7.4)
One easily sees that the operators Y ±n (γ ⊗ q
l, k) are well-defined
operators acting on the space FΓ×C×.
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We extend the Z+-gradation on RΓ×C× to a
1
2
〈γ, γ〉1ξ +Z+-gradation
on FΓ×C× by letting
deg a−n(γ ⊗ q
k) = n, deg eγ =
1
2
〈γ, γ〉1ξ.
We denote by RΓ×C× the subalgebra of RΓ×C× excluding the gener-
ators an(γ0), n ∈ Z
×. The bilinear form 〈 , 〉ξ on
FΓ×C× = RΓ×C× ⊗ RZ(Γ)
will be the restriction of 〈 , 〉ξ on FΓ×C× to FΓ×C×. In the case of
the second choice of ξ and p = q±1, the Fock space FΓ×C× can also be
obtained as the quotient of FΓ×C× modulo the radical of 〈 , 〉ξ.
We define a˜−n(γ ⊗ q
k), n > 0 to be a map from RΓ×C× to itself by
the following composition
R(Γm × C
×)
σn(γ⊗qk)⊗
−→ R(Γn × C
×)⊗R(Γm × C
×)
Ind⊗m
C×−→ R(Γn+m × C
×).
We also define a˜n(γ ⊗ q
k), n > 0 to be a map from RΓ×C× to itself as
the composition
R(Γm × C
×)
Res⊗1
−→ R(Γn × C
×)⊗R(Γm−n × C
×)
〈σn(γ⊗qk),·〉
q
ξ
−→ R(Γm−n × C
×).
Proposition 7.1. The operators a˜n(γ), γ ∈ Γ
∗, n ∈ Z× satisfy the
Heisenberg algebra relations (5.1) with C = 1.
Proof. This is similarly proved as for the classical setting in [W].
7.2. Group theoretic interpretation of vertex operators. To
compare the vertex operators Y ±(γ ⊗ ql, k, z) with the familiar ver-
tex operators acting in the Fock space we introduce the space
VΓ×C× = SΓ×C× ⊗ C[RZ(Γ)].
We extend the bilinear form 〈 , 〉qξ in SΓ×C× to the space VΓ×C× and
also extend the Z+-gradation on SΓ×C× to a
1
2
Z+-gradation on VΓ.
We extend the characteristic map to the map
ch : FΓ×C× −→ VΓ×C×
by identity on RZ(Γ). Then Proposition 6.3 and Theorem 6.6 imply
that we have an isometric isomorphism of Hopf algebras. We can now
identify the operators from the previous subsections with the operators
constructed from the Heisenberg algebra.
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Theorem 7.1. For any γ ∈ R(Γ) and k ∈ Z, we have
ch
(
H+(γ ⊗ q
k, z)
)
= exp
(∑
n≥1
1
n
a−n(γ)(q
−kz)n
)
,(7.5)
ch
(
E+(γ ⊗ q
k, z)
)
= exp
(
−
∑
n≥1
1
n
a−n(γ)(q
−kz)n
)
,(7.6)
ch
(
H−(γ ⊗ q
k, z)
)
= exp
(∑
n≥1
1
n
an(γ)(q
−kz)−n
)
,(7.7)
ch
(
E−(γ ⊗ q
k, z)
)
= exp
(
−
∑
n≥1
1
n
an(γ)(q
−kz)−n
)
.(7.8)
Proof. The first and second identities were essentially established in
Proposition 6.2 together with Lemma 6.1, where the components are
viewed as operators acting on RΓ×C× or SΓ×C×. Note that an(γ⊗q
k) =
an(γ)q
kn.
We observe from definition that the adjoint ∗-action of E+(γ⊗ q
k, z)
and H−(γ ⊗ q
k, z) with respect to the bilinear form 〈 , 〉qξ are E−(γ ⊗
qk, z−1) and H−(γ ⊗ q
k, z−1) respectively. The third and fourth iden-
tities are obtained by applying the adjoint action ∗ to the first two
identities.
Remark 7.2. Replacing γ by −γ in (7.5) and (7.7) we obtain the equiv-
alent formulas (7.6) and (7.8) respectively.
Applying the characteristic map to the vertex operators Y ±(γ, k, z),
we obtain the following group theoretical explanation of vertex opera-
tors acting on the Fock space FΓ×C×.
Theorem 7.3. For any γ ∈ RΓ and k ∈ Z, we have
Y +(γ, k, z)
= exp
(∑
n≥1
1
n
a˜−n(γ)z
n
)
exp
(
−
∑
n≥1
1
n
a˜n(γ)q
−knz−n
)
eγz∂γ
= ch(H+(γ, z))ch(S(H+(γ ⊗ q
k, z−1)∗))eγz∂γ ,
Y −(γ, k, z)
= exp
(
−
∑
n≥1
1
n
a˜−n(γ)q
knzn
)
exp
(∑
n≥1
1
n
a˜n(γ)z
−n
)
e−γz−∂γ
= ch(S(H+(γ ⊗ q
k, z−1)))ch(H+(γ, z)
∗)e−γz−∂γ .
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We note that for γ ∈ Γ∗, l ∈ Z
Y ±(γ ⊗ ql, k, z) = Y ±(γ, k, q−lz).(7.9)
It follows from Theorem 7.3 that
ch
(
Y ±(γ, k, z)
)
= X±(γ, k, z)
= exp
(
−
∑
n≥1
1
n
a−n(γ)q
n(k∓k)/2zn
)
× exp
(∑
n≥1
1
n
an(γ)q
n(−k∓k)/2z−n
)
e±γz±∂γ .
In general the vertex operators Y ±(γ, k, z) (for k ∈ Z) generalize the
vertex operators considered in [J3] (for k = ±1). When q = 1 they
specialize to the vertex operators Y ±(γ, z) studied in [FJW].
8. Basic representations and the McKay correspondence
8.1. Quantum toroidal algebras. Let Q be the root lattice of an
affine Lie algebra of simply laced type A, D, or E with the invariant
form ( | ). The quantum toroidal algebra Uq(̂̂g) is the associative
algebra generated by x±i (n), ai(m), q
d, qc , 0 ≤ i ≤ r, n,m ∈ Z subject
to the following relations [GKV]:
qdai(n)q
−d = qnai(n), q
dx±i (n)q
−d = qnx±i (n),(8.1)
[ai(m), aj(n)] = δm,−n
[(αi|αj)m]
m
qmc − q−mc
q − q−1
,(8.2)
[ai(m), x
±
j (n)] = ±
[(αi|αj)m]
m
q∓|m|c/2x±j (m+ n),(8.3)
(z − q±(αi,αj)w)x±i (z)x
±
j (w) = x
±
j (w)x
±
i (z)(q
±(αi,αj)z − w),(8.4)
[x+i (z), x
−
j (w)] =
δij{δ(zw
−1q−c)ψ+i (wq
c/2)− δ(zw−1qc)ψ−i (zq
c/2)}
q − q−1
,
(8.5)
Symz1,...zN
N=1−(αi,αj)∑
s=0
(−1)s
[
N
s
]
x±i (z1) · · ·x
±
i (zs) ·(8.6)
· x±j (w)x
±
i (zs+1) · · ·x
±
i (zN) = 0, for (αi|αj) ≤ 0,
where the generators α(n) are related to ψ±i (±n) via:
ψ±i (z) =
∑
n≥0
ψ±i (±n)z
∓n = k±1i exp(±(q − q
−1)
∑
n>0
αi(±n)z
∓n),(8.7)
QUANTUM VERTEX OPERATORS AND MCKAY CORRESPONDENCE 25
and the Gaussian polynomial
[
m
n
]
=
[m]!
[n]![m− n]!
, [n]! = [n][n− 1] · · · [1].
The generating function of x±n are defined by
x±i (z) =
∑
n∈Z
x±i (n)z
−n−1, i = 0, . . . , r.
The quantum toroidal algebra contains a special subalgebra– the
quantum affine algebra Uq(ĝ), which is generated by simply omitting
the generators associated to i = 0. The relations are called the Drinfeld
realization of the quantum affine algebras.
In the case of type A, the quantum toroidal algebra Uq(̂̂g) admits a
further deformation Uq,p(̂̂g). Let (bij) be the skew-symmetric (r+1)×
(r + 1)-matrix

0 1 0 · · · 0 −1
−1 0 1 · · · 0 0
0 −1 0 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 0 1
1 0 0 · · · −1 0
 .(8.8)
The quantum toroidal algebra Uq,p(̂̂g) is the associative algebra gener-
ated by x±in, ai(m), q
d1 , qd2 , qc , 0 ≤ i ≤ r,m, n ∈ Z subject to the
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following relations [GKV, VV]:
qd1ai(n)q
−d1 = qnai(n), q
d1x±i (n)q
−d1 = qnx±i (n),(8.9)
qd2ai(n)q
−d2 = ai(n)(8.10)
qd2x±i (n)q
−d2 = q±δn0x±i (n),(8.11)
[ai(m), aj(n)] = δm,−n
[(αi|αj)m]
m
qmc − q−mc
q − q−1
pmbij ,(8.12)
[ai(m), x
±
j (n)] = ±
[(αi|αj)m]
m
q∓|m|c/2pmbijx±j (m+ n),(8.13)
(pbijz − q±(αi|αj)w)x±i (z)x
±
j (w) = x
±
j (w)x
±
i (z)(p
bijq±(αi|αj)z − w),
(8.14)
[x+i (z), x
−
j (w)] =
δij{δ(zw
−1q−c)ψ+i (wq
c/2)− δ(zw−1qc)ψ−i (zq
c/2)}
q − q−1
,
(8.15)
Symz1,...zN
N=1−(αi|αj)∑
s=0
(−1)s
[
N
s
]
x±i (z1) · · ·x
±
i (zs) ·(8.16)
· x±j (w)x
±
i (zs+1) · · ·x
±
i (zN) = 0, for (αi|αj) ≤ 0,
where the generators ai(n) are related to ψ
±
i (±m) via:
ψ±i (z) =
∑
n≥0
ψ±i (±n)z
∓n = k±1i exp(±(q − q
−1)
∑
n>0
αi(±n)z
∓n).
(8.17)
We recall that the basic module of Uq(̂̂g) is the simple module gen-
erated by the highest weight vector v0 such that
ai(n + 1).v0 = 0, x
±
i (n).v0 = 0, n ≥ 0
qc.v0 = qv0, q
d.v0 = v0.
We say a module is of level one if qc acts as q.
8.2. A new form of McKay correspondence. In this subsection
we let Γ to be a finite subgroup of SU2 and consider two distinguished
choices of the class function ξ in RΓ×C× introduced in Sect. 4.2.
First we consider
ξ = γ0 ⊗ (q + q
−1)− π ⊗ 1C×,
where π is the character of the two-dimensional natural representation
of Γ in SU2.
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The Heisenberg algebra in this case has the following relations (cf.
Prop. 5.1 and (4.2)).
[am(γi), an(γj)] =
{
mδm,−n(q
m + q−m)C, i = j
mδm,−na
1
ijC, i 6= j
,(8.18)
where a1ij are the entries of the affine Cartan matrix of ADE type (see
(3.4) at d = 2).
When Γ 6= Z/2Z or 1, the relations (8.18) can be simply written as
follows:
[am(γi), an(γj)] = mδm,−n[aij ]qmC.
Recall that the matrix A1 = (〈γi, γj〉
1
ξ) = (a
1
ij)0≤i,j≤r is the Cartan
matrix for the corresponding affine Lie algebra [Mc]. In particular
a1ii = 2; a
1
ij = 0 or −1 when i 6= j and Γ 6= Z/2Z. In the case of
Γ = Z/2Z, a101 = a
1
10 = −2. Let g (resp. gˆ) be the corresponding
simple Lie algebra (resp. affine Lie algebra ) associated to the Cartan
matrix (a1ij)1≤i,j≤r (resp. A). Note that the lattice RZ(Γ) is even in
this case.
We define the normal ordered product of vertex operators as follows.
: Y +(γi, k, z)Y
+(γj, k
′, w) :
=H+(γi, z)H(γj, w)S(H+(γi ⊗ q
k, z−1)∗H+(γj ⊗ q
k′, w−1)∗)
× eγi+γjz∂γiw∂γj ,
: Y +(γi, k, z)Y
−(γj, k
′, w) :
=H+(γi, z)H(−γj ⊗ q
−k′, w)S(H+(γi ⊗ q
k, z−1)∗H+(−γj ⊗ q
k′, w−1)∗)
× eγi−γjz∂γiw−∂γj .
Other normal ordered products are defined similarly.
We introduce for a ∈ R the following q-function:
(1− z)aq2 =
(q−a+1z; q2)∞
(qa+1z; q2)∞
= exp
(
−
∞∑
n=1
[an]
n[n]
zn
)
(8.19)
=
∞∑
m=0
[
a
m
]
(−z)m,
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where we expand the power series using the q-binomial theorem and[
a
m
]
=
(qa − q−a)(qa−1 − q−a+1) · · · (qa−m+1 − q−a+m−1)
(qm − q−m)(qm−1 − q−m+1) · · · (q − q−1)
,
(a; q)∞ =
∞∏
n=0
(1− aqn).
When a is a non-negative integer,
[
a
m
]
equals the Gaussian polynomial.
The identities in the following theorems are understood as usual by
means of correlation functions (cf. e.g. [FJ, J1]).
Theorem 8.1. Let ξ = γ0 ⊗ (q + q
−1) − π ⊗ 1C×. Then the vertex
operators Y ±(γi, k, z), Y
±(−γj, k, z), γi ∈ Γ
∗, k ∈ Z acting on the group
theoretically defined Fock space FΓ×C× satisfy the following relations.
Y ±(γi, k, z)Y
±(γj, k, w) = ǫ(γi, γj) : Y
±(γi, k, z)Y
±(γj, k, w) :
×

1 〈γi, γj〉
1
ξ = 0
(z − q∓kw)−1 〈γi, γj〉
1
ξ = −1
(z − q∓k−1w)(z − q∓k+1w) 〈γi, γj〉
1
ξ = 2
,
Y ±(γi, k, z)Y
∓(γj, k, w) = ǫ(γi, γj) : Y
±(γi, k, z)Y
∓(γj, k, w) :
×

1 〈γi, γj〉
1
ξ = 0
(z − w)−1 〈γi, γj〉
1
ξ = −1
(z − qw)(z − q−1w) 〈γi, γj〉
1
ξ = 2
,
Y ±(γi, k, z)Y
±(−γj,−k, w)
= ǫ(γi, γj) : Y
±(γi, k, z)Y
±(−γj,−k, w) :
×

1 〈γi, γj〉
1
ξ = 0
(z − q∓kw) 〈γi, γj〉
1
ξ = −1
(z − q∓k−1w)−1(z − q∓k+1w)−1 〈γi, γj〉
1
ξ = 2
,
Y +(γi, k, z)Y
−(−γj,−k, w)
= ǫ(γi, γj) : Y
+(γi, k, z)Y
−(−γj,−k, w) :
×

1 〈γi, γj〉
1
ξ = 0
(z − q−2kw)−1 〈γi, γj〉
1
ξ = −1
(z − q−2k−1w)(z − q−2k+1w) 〈γi, γj〉
1
ξ = 2
,
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Y −(γi, k, z)Y
+(−γj ,−k, w)
= ǫ(γi, γj) : Y
−(γi, k, z)Y
+(−γj ,−k, w) :
1 〈γi, γj〉
1
ξ = 0
(z − w)−1 〈γi, γj〉
1
ξ = −1
(z − qw)(z − q−1w) 〈γi, γj〉
1
ξ = 2
.
Proof. It is a routine computation to see that:
E−(γi ⊗ q
k, z)H+(γj ⊗ q
l, w)
= H+(γj ⊗ q
l, w)E−(γi ⊗ q
k, z)(1−
w
z
ql−k)
〈γi,γj〉
1
ξ
q2 ,
where the q-analog of the power series (1− x)nq2 is defined in (8.19).
In particular, we have
(1− w/z)q2 = 1− w/z,
(1− w/z)2q2 = (1− qw/z)(1− q
−1w/z).
Then the theorem is proved by observing that zγe∂β = z〈γ,β〉
1
ξe∂βzγ .
Remark 8.2. Replacing the vertex operator Y ± by X± via the charac-
teristic map ch in the above formulas, we get the corresponding formu-
las for vertex operators X±(γ, k, z) acting on VΓ×C×.
Now we consider the second distinguished class function
ξq,p = γ0 ⊗ (q + q
−1)− (γ1 ⊗ p+ γr ⊗ p
−1),
when Γ is a cyclic group of order r + 1.
In this case the Heisenberg algebra (5.3) has the following relations
according to Prop. 5.1 and (4.3):
[am(γi), an(γj)] = mδm,−n[a
1
ij ]qmp
mbijC,(8.20)
where a1ij are the entries of the affine Cartan matrix of type A and
r ≥ 2. This is the same Heisenberg subalgebra (c = 1) in Uq,p(̂̂g)
provided that we identify
ai(n) =
[n]
n
an(γi).
Recall that (bij) is the skew-symmetric matrix given in (8.8). We
need to slightly modify the definition of the middle term in the vertex
operators. For each i = 0, 1, . . . , r we define the modified operator z∂γ,p
on the group algebra C[RZ(Γ)] by
z∂γi,peβ = z〈γi,β〉
1
ξp−
1
2
∑r
j=1〈γi,mjγj〉
1
ξ
bijeβ,(8.21)
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where β =
∑
j mjγj ∈ RZ(Γ).
We then replace the operator z±∂γi in the definition of the vertex
operators Y ±(γi, k, z) by the operator z
±∂γi,p. The formulas in Theo-
rems 7.3 remain true after the term z±∂ appearing in the formulas are
modified accordingly.
The proof of the following theorem is similar to that of Theorem 8.1.
Theorem 8.3. Let Γ be a cyclic group of order r + 1 and let ξ =
γ0 ⊗ (q + q
−1)− (γ1 ⊗ p+ γr ⊗ p
−1). The vertex operators Y ±(γi, k, z)
and Y ±(−γi, k, z), γi ∈ Γ
∗ acting on the group theoretically defined Fock
space FΓ×C× satisfy the following relations.
Y ±(γi, k, z)Y
±(γj, k, w) = ǫ(γi, γj) : Y
±(γi, k, z)Y
±(γj, k, w) :
1 〈γi, γj〉
1
ξ = 0
p−
1
2
bij (z − q∓kpbijw)−1 〈γi, γj〉
1
ξ = −1
(z − q∓k−1w)(z − q∓k+1w) 〈γi, γj〉
1
ξ = 2
,
Y ±(γi, k, z)Y
∓(γj, k, w) = ǫ(γi, γj) : Y
±(γi, k, z)Y
∓(γj, k, w) :
1 〈γi, γj〉
1
ξ = 0
p−
1
2
bij (z − pbijw)−1 〈γi, γj〉
1
ξ = −1
(z − qw)(z − q−1w) 〈γi, γj〉
1
ξ = 2
,
Y ±(γi, k, z)Y
±(−γj,−k, w)
= ǫ(γi, γj) : Y
±(γi, k, z)Y
±(−γj,−k, w) :
1 〈γi, γj〉
1
ξ = 0
p−
1
2
bij (z − q∓kpbijw) 〈γi, γj〉
1
ξ = −1
(z − q∓k−1w)−1(z − q∓k+1w)−1 〈γi, γj〉
1
ξ = 2
,
Y +(γi, k, z)Y
−(−γj,−k, w)
= ǫ(γi, γj) : Y
+(γi, k, z)Y
−(−γj,−k, w) :
1 〈γi, γj〉
1
ξ = 0
p−
1
2
bij (z − q−2kpbijw)−1 〈γi, γj〉
1
ξ = −1
(z − q−2k−1w)(z − q−2k+1w) 〈γi, γj〉
1
ξ = 2
,
Y −(γi, k, z)Y
+(−γj ,−k, w)
= ǫ(γi, γj) : Y
−(γi, k, z)Y
+(−γj ,−k, w) :
1 〈γi, γj〉
1
ξ = 0
p−
1
2
bij (z − pbijw)−1 〈γi, γj〉
1
ξ = −1
(z − qw)(z − q−1w) 〈γi, γj〉
1
ξ = 2
.
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Remark 8.4. Replacing the vertex operators Y ± by X± via the char-
acteristic map ch we obtain the corresponding results on the space
VΓ×C×.
8.3. Quantum vertex representations of Uq(̂̂g). For each i = 0,
. . . , r let
a˜i(n) =
[n]
n
an(γi).
It follows from (5.3) and (8.18) that
[a˜i(m), a˜j(n)] = δm,−n
[m〈γi, γj〉
1
ξ]
m
[m].(8.22)
According to McKay, the bilinear form 〈γi, γj〉
1
ξ is exactly the same
as the invariant form ( | ) of the root lattice of the affine Lie algebra
ĝ. This implies that the commutation relations (8.22) are exactly the
commutation relations (8.2) of the Heisenberg algebra in Uq(̂̂g) if we
identify a˜i(n) with ai(n). Thus the Fock space SΓ×C× is a level one
representation for the Heisenberg subalgebra in Uq(̂̂g). Under the new
variable (by identifying ai(n) with a˜i(n)) and after a q-shift we obtain
that
X+(γi ⊗ q
−k/2, k, z)
= exp
(∑
n≥1
ai(−n)
[n]
qkn/2zn
)
exp
(
−
∑
n≥1
ai(n)
[n]
qkn/2z−n
)
eγz∂γ ,
X−(γi ⊗ q
−k/2, k, z)
= exp
(
−
∑
n≥1
ai(−n)
[n]
q−kn/2zn
)
exp
(∑
n≥1
ai(n)
[n]
q−kn/2z−n
)
e−γz−∂γ .
The following theorem gives a q-deformation of the new form of
McKay correspondence in [FJW] and provides a direct connection from
a finite subgroup Γ of SU2 to the quantum toroidal algebra Uq(̂̂g) of
ADE type.
Theorem 8.5. Given a finite subgroup Γ of SU2, each of the following
correspondence gives a vertex representation of the quantum toroidal
algebra Uq(̂̂g) on the Fock space FΓ×C×:
x±i (n) −→ Y
±
n (γi,−1),
ai(n) −→
[n]
n
an(γi), q
c −→ q;
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or
x±i (n) −→ Y
∓
n (−γi, 1),
ai(n) −→
[n]
n
an(γi), q
c −→ q,
where i = 0, . . . , r, and n ∈ Z.
Proof. Using the usual method of q-vertex operator calculus [FJ, J1]
and Theorem 8.1 we see that the vertex operators Y ±(γi,±1, z) satisfy
relations (8.3), (8.4) and (8.6). Observe further that the above vertex
operators at k = ±1 have the same form as those in the basic represen-
tations of the quantum affine algebras (see [FJ]). Thus the relations
(8.5) and (8.7) are also verified. For each fixed k = 1 or −1 we have
shown that the operators Y ±(γi,±1, z) give a level one representation
of the quantum toroidal algebra Uq(̂̂g) (see also [Sa, J3]).
Remark 8.6. Replacing Y ± by X± in the above theorem, we obtain a
vertex representation of Uq(̂̂g) in the space VΓ×C×.
We can easily get the basic representation of the quantum affine
algebra Uq(ĝ) on a certain distinguished subspace of FΓ×C×.
Denote by SΓ×C× the symmetric algebra generated by a−n(γi), n > 0,
i = 1, . . . , r over C[q, q−1]. SΓ×C× is isometric to RΓ×C×.
We define
FΓ×C× = RΓ×C× ⊗ C[RZ(Γ)] ∼= SΓ×C× ⊗ C[RZ(Γ)].
The space VΓ×C× associated to the lattice RZ(Γ) is isomorphic to the
tensor product of the space RΓ×C× and RZ(Γ) as well as the space
associated to the rank 1 lattice Zα0.
Corollary 8.7. Given a finite subgroup Γ of SU2, each of the follow-
ing correspondence gives the basic representation of the quantum affine
algebra Uq(ĝ) on the Fock space FΓ×C×:
x±i (n) −→ Y
±
n (γi,−1),
ai(n) −→
[n]
n
an(γi), q
c −→ q;
or
x±i (n) −→ Y
∓
n (−γi, 1),
ai(n) −→
[n]
n
an(γi), q
c −→ q,
where i = 1, . . . , r.
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In the case of our second distinguished class function
ξq,p = γ0 ⊗ (q + q
−1)− (γ1 ⊗ p+ γr ⊗ p
−1),
we need to consider the Fock space
F˜Γ×C× = RΓ×C× ⊗ C[RZ(Γ)/R
0
Z]
∼= SΓ×C× ⊗ C[RZ(Γ)],
where R0
Z
is the radical of the bilinear form 〈 , 〉1ξ. The correspondence
space for F˜Γ×C× under the characteristic map ch will be denoted V˜Γ×C×.
Using similar method as in the proof of Theorem 8.5 we derive the
the following theorem.
Theorem 8.8. Let Γ be a cyclic group of order r+1 ≥ 2 and p = q±1.
Each of the following correspondence gives the basic representation of
Uq(̂̂g) on F˜Γ×C×:
x±i (n) −→ Y
±
n (γi,−1),
ai(n) −→
[n]
n
an(γi), q
c −→ q;
or
x±i (n) −→ Y
∓
n (−γi, 1),
ai(n) −→
[n]
n
an(γi), q
c −→ q,
where i = 0, . . . , r.
Remark 8.9. The algebraic picture obtained by replacing the vertex
operator Y ± by X± and FΓ×C× by V˜Γ×C× in the above Theorem was
given by Sato [Sa].
This theorem partly shows why the two-parameter deformation for
Uq(̂̂g) is only available in the case of type A. It also singles out the
special case of p = q±1, where the matrix of the bilinear form 〈 , 〉q,q
±1
ξ
is semi-definite positive (see Sect. 4.2) which permits the factorization
of FΓ×C× into FΓ×C× .
We remark that our method can be generalized by replacing R(Γ)
by any finite dimensional Hopf algebra with a Haar measure. A more
general deformation is obtained by replacing C× by any torsion-free
abelian group. In another direction one can replace C× by its finite
analog Z/rZ to study Uq(ĝ) at rth roots of unity.
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